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This  re|wrt  describes  measurements  of  the  elect romaguelie  |iarameters  of  soil  samples  in  the  VIIF/UIIF 
range  the  purpose  of  which  was  to  accumulate  basic  data  on  the  profierlics  that  limit  subsurface  target 
detection  by  KM  methods.  A  section  of  coaxial  waveguide  filled  with  soil  is  treated  as  a  length  of  lossy  trans¬ 
mission  line.  Classical  transmission-line  theory  is  used  in  determining  the  complex  propagation  constant  of 
the  soil  sample  from  measurements  on  the  electrical  pha-e  and  the  VSW  R.  These  data  are  fed  into  classical 
equations  which  were  programmed  for  computer  solution. 

Also  included  in  the  report  for  completeness  and  conqurison  are  the  results  of  two  other  techniques  for 
measuring  the  real  part  of  the  complex  propagation  constant.  The  first  of  these  techniques  requires  electrical 
phase  and  VSWR  measurements  and  the  solution  is  obtained  graphically.  The  second  technique  requires  the 
measurement  of  a  power  ratio  t  nder  matched  conditions  of  the  line  under  test. 
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SUMMARY 


Tliis  report  describes  measurements  of  the  electromagnetic  parameters  of  soil 
samples  in  the  VII K/UIIF  range  made  to  aeeumulate  basic  data  on  the  properties  that 
limit  subsurface  target  detection  by  electromagnetic  (KM)  methods.  A  section  of  co- 
axiai  waveguide  filled  with  soil  is  treated  as  a  length  of  lossy  transmission  line.  Classi¬ 
cal  transmission-line  theory  is  used  in  determining  the  complex  propagation  constant 
of  the  soil  sample  from  measurements  on  the  electrical  phase  and  the  voltage  standing- 
wave  ratio  (VSWR).  This  data  is  fed  into  classical  equations  which  were  programmed 
for  computer  solution. 

Also  included  in  the  report,  for  completeness  ami  comparison,  are  the  results  of 
two  other  techniques  for  measuring  the  real  part  of  the  complex  propagation  constant. 
The  first  technique  requires  electrical  phase  and  VSWR  measurements,  and  the  solu¬ 
tion  is  obtained  graphically.  The  second  technique  requires  the  measurement  of  a 
power  ratio  under  matched  conditions  of  the  line  under  test. 
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ELECTROMAGNETIC  SOIL  PROPERTIES 
IN  THE  VHF/UHF  RANGE  (PHASE  I) 

I.  INTRODUCTION 

1.  Purpose  of  Program.  Tin:  primary  purpose  of  the  initial  phase  of  the  pro¬ 
gram  is  to  selcet  measurement  techniques  and  to  measure  and  record  the  values  of  the 
electromagnetic  properties  of  soils  with  a  description  of  the  methods  used.  The  long- 
range  objective  of  these  measurements  is  to  gain  a  clearer  understanding  of  what  role 
the  soil  environment  plays  in  subsurface  target  detection. 

2.  Known  Measurement  Problem.  The  electromagnetic  properties  of  a  soil 
play  an  important  role  in  determining  whether  subsurface  targets  can  he  defected. 

The  preferred  way  for  determining  these  properties  would  he  to  bring  the  laboratory 
to  the  sites  and  measure  the  soil  in  situ.  This  method  is  not  the  normal  and  practical 
way  to  measure  soil  properties,  at  least,  not  in  the  early  stages  of  an  investigative  pro¬ 
gram.  This  method  would  limit  the  types  of  soils  to  the  immediate  laboratory  location. 

The  second  method,  which  is  the  most  practical  for  the  initial  stages,  is  to 
obtain  small  samples  of  soil  from  many  parts  of  the  world  and  to  bring  them  to  the 
laboratory.  It  has  the  disadvantage  that  the  soils  are  disturbed  and  properties  thereby 
are  possibly  altered.  However,  this  method  offers  the  advantage  of  testing  a  large  num¬ 
ber  of  soil  samples  rather  easily  and  the  flexibility  of  a  fully  equipped  laboratory  in 
selecting  the  measuring  techniques.  The  ultimate  technique  would  incorporate  the 
best  laboratory  method  into  a  mobile,  rapid  procedure  to  test  soil  in  situ. 

II.  INVESTIGATION 

3.  Review  of  Known  Measurement  Techniques.  Various  methods  by  which  the 
eleetrieal  pro|>crtics  of  soil  can  Ik:  measured  can  lie  grouped  under  two  major  headings: 
those  that  employ  a  radio  ground  wave  amt  those  that  do  not.  The  two  groups  are  as 
follows: 

A.  Methods  using  radio  ground  waves  (in  situ  measurements): 

•  Attenuation  of  Ground  Wave 

•  Wave  Tilt 

•  Magneto-Telluric 

•  Reflection  Coefficient 
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B.  Methods  using  signal  generators,  etc.: 


•  Electrode  Array  (in  situ) 

•  Bridge  Substitution 

•  Intrinsic  (one-way)  Loss  of  4-Terminal  Network: 

•  Ginzton  Technique 

•  Power  Ratio  Technique 

•  Kirthsce ther’s  Transmission-Line  Method 

The  methods  which  use  a  radio  ground  wave  for  the  measurement  of  the 
electrical  properties  of  soil  are  all  large  scale,  field  in  situ  methods,  whereas  the  second 
group  contains  methods  which  can  be  carried  out  in  a  much  more  limited  area  and, 
with  the  exception  of  the  electrode  array,  can  be  carried  out  in  the  laboratory. 

A  summary  of  measurement  techniques  is  given  in  Table  1.  A  brief  rc\icw 
of  the  known  methods  follows: 

a.  Attenuation  of  Ground  Wave.  The  attenuation  vs  distance  technique 
requires  a  high-power  transmitter  and  extensive  field  strength  measurements  over  a 
large  area.  Conductivity  measurements  of  a  specified  small  area  are  not  possible  with 
this  method. 

b.  Wave  lilt.  The  wave  tilt  method  is,  pci'uaps,  the  most  used  method  of 
determining  the  effective  soil-conductivc  and  dielectric-constant  values.  A  transmitter, 
transmitting  antenna,  receiver,  and  two  receiving  antennas  are  included  in  the  system. 
An  electromagnetic  field  is  produced  by  the  transmitter.  The  amount  of  lilt  of  the 
electromagnetic  wave  across  the  surface  is  a  function  of  the  effective  ground  constants 
and  frequency  used. 

c.  Magneto-Telluric.  This  method  measures  the  naturally  occurring  E/M 
field  at  the  earth’s  surface  to  determine  the  surface  impedance  and  subsurface  strata. 
The  subsurface  has  to  be  effectively  homogeneous  in  a  horizontal  direction  for  dis¬ 
tances  much  greater  than  the  wavelength  employed. 

d.  Determination  of  Reflection  Coefficient.  This  method  computes  the 
conductivity  and  dielectric  constant  of  a  soil  by  propagating  an  electromagnetic  wave 
between  two  nonconducting  towers  and  by  comparing  the  phase  change  bctw'cen  the 
direct  and  ground-reflected  waves.  Tower  heights  and  separation  have  to  be  of  the 
order  of  a  wavelength  or  greater  to  avoid  near-field  phenomena. 
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e.  Electrode  Array.  Wciuier  describes  a  four-in-line  eleetrode  method  of 
measuring  earth  resistivity.'  The  measuring  technique  is  simple.  The  current  source  is 
applied  to  two  electrodes,  and  a  voltage  is  read  on  another  pair  of  electrodes.  The  soil 
conductivity  can  be  computed  from  a  formula. 

f.  Bridge  Substitution-Resistivity.  The  resistivity  (low-audio-frequency) 
bridge  method  is  generally  employed  in  the  laboratory  to  obtain  the  electrical  proper¬ 
ties  of  soil  samples.  It  can,  however,  be  used  in  the  field  to  obtain  in  situ  measure¬ 
ments.  The  relative  dielectric  constant  and  conductivity  can  be  obtained  with  this 
method.  Some  disadvantages  are:  the  surface  reactance  lictwccn  the  electrodes  and 
soil;  and  the  breaks,  cracks,  or  discontinuities  produced  in  the  soil  by  the  insertion  of 
the  electrodes.  These  can  lead  to  errors  in  the  value  of  the  properties. 

g.  Intrinsic  (One-way)  Loss  of  a  4-Terminal  Network. 

(1)  Ginzton  Technique.  The  intrinsic  loss  of  a  soil  packed  in  a  co¬ 
axial  line  can  be  found  by  measuring  the  input  impedance  of  the  network  for  a 
series  of  positions  of  a  movable  short  circuit  at  the  output  terminals.  This  is  a 
laboratory  method  and  reveals  only  the  attenuation  at  frequencies  at  and  above 
100  mHz.  Details  arc  given  in  paragraph  4a. 

(2)  Power  Ratio  Technique.  This  technique  is  based  on  the  fact  that 
the  one-way  loss  through  a  network  containing  a  soil  sample  matched  both  at  the 
input  and  output  is  given  by  a  simple  equation.  This  method  is  faster  and  less 
prone  to  human  mistakes  than  the  Ginzton  Technique.  It  is  a  laboratory  method 
only.  Details  arc  given  in  paragraph  4b. 

(3)  Transmission-Line  Method  (Kirkscether).  The  soil  sample  is 
packed  in  a  suitable  transmission  line  (coaxial  line).  An  adequate  length  of  the 
soil  is  selected  (15  to  30  centimeters).  The  input  impedance  of  the  line  •  *th  the 
soil  is  measured  with  the  far  end  of  the  sample  line  short  circuited,  then  open 
circuited.  The  method  can  be  used  to  determine  the  conductivity,  dielectric  con¬ 
stant,  attenuation,  and  velocity  of  propagation.  This  method  has  very  good  possi¬ 
bilities  for  field  in  situ  measurements.  Details  are  given  in  paragraph  4c. 

4.  Methods  Utilized  in  This  Investigation. 

a.  Ginzton  Technique.  The  first  in-house  attempt  to  measure  attenuation 
(of  soil)  employed  a  technique  described  by  Ginzton.2  According  to  Ginzton,  “The 

'p.  Wenncr,  “A  Method  of  Measuring  Earth  Resistivity,"  Bulletin  of  the  Bureau  of  Standards  Vol.  12  (1915). 

2F..  I..  Ginzton,  Microwave  Measurements,  pp.  465, 473, 474,  MrGraw  Hill  Book  Co.,  Inc.,  New  York,  1957. 
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intrinsic  (one-way)  loss,  L,  of  an  arbitrary  four-terminal  network  (eoaxial  line)  can  be 
found  b)  measuring  the  input  impedance  of  the  network  for  a  series  of  positions  of  a 
movable  short  eircuit  at  the  output  terminals..."  It  should  be  emphasized  that  the  de¬ 
termination  of  the  intrinsie  loss,  I,-,  by  this  method  does  not  require  the  network  to  be 
matehed  at  cither  end.  The  necessary  data  can  be  taken  for  a  series  of  positions  of  the 
movable  short  circuit.  The  position  of  the  short  circuit  need  not  be  measured.  If  input 
impedance  locus  is  plotted  on  a  Smith  Chart,  the  intrinsie  loss  of  the  network,  L|,  is 
given  by: 


,  _ini  /(1+R)2  - P2  +/^~R)’-P* 
Iij  =  10  Log  — -  -  -  - - 

/(1+R)2  -P  -  }/ (1-R)2  -  P2 


(db) 


where  R  is  the  radius  of  the  impedance  circle  and  p  is  the  distance  from  the  center  of 
the  impedance  circle  to  the  center  of  the  Smith  Chart.  R  and  P  are  normalized  to  unity 
with  respect  to  the  center  of  the  Smith  Chart.  In  our  case,  the  4-terminal  network  is 
the  soil-filled  section  of  coaxial  line,  and  (X  =  L/sample  length).  The  actual  coaxial  re¬ 
ceptacle  for  the  solid  was  fabricated  from  3/4-inch  II)  by  1/16-inch  wall  thickness  brass 
pipe  with  a  0.322-inch-diametcr  brass  center  conductor.  Alford  #11090  reducers  were 
used  on  both  ends  of  the  pipe.  The  rest  of  the  system  was  made  up  of  a  signal  genera¬ 
tor,  a  low-pass  fdter,  a  pad,  a  slotted  line,  a  VSWR  meter,  an  adjustable  line,  and  a  short 
circuit. 


b.  Power  Ratio  Under  Matched  Condition  Technique.  Another  technique 
for  measuring  soil  attenuation  was  the  power  ratio  under  matched  condition  technique. 
A  block  diagram  of  the  setup  is  shown  in  Fig.  I.  The  theory  behind  the  technique  is 
based  on  the  fact  that  the  one-way  loss  through  a  network  which  is  matched  both  on 
its  input  and  output  ports  is  given  by  the  simple  equation, 

Lj  =  10  log  ^  (db), 
rin 

where  Pin  is  the  input  power  to  the  network  and  Pwul  is  the  power  delivered  to  a 
matched  load,  and  again  L{  =  L/sample  length.  These  two  power  levels  arc  measured 
by  using  directional  couplers  on  the  input  and  output  of  the  network  (coaxial  line 
filled  with  soil).  The  network  is  matched  on  its  input  and  output  by  using  stub  tuners 
and  adjusting  them  for  maximum  power  transfer.  The  detectors  are  matched  over  a 
frequency  range  which  includes  the  range  of  interest.  An  Alford  Network  Analyzer 
Model  7051  is  used  to  take  the  ratio  of  the  detected  levels. 

The  Power  Ratio  Technique  using  the  Vector  Voltmeter  HP  8405A  is  a 
variation  of  the  previously  mentioned  method.  Essentially,  the  Alford  Analyzer  and 
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Fig.  1.  Laboratory  setup  for  measuring  EM  parameters  of  soil. 


detectors  are  replaced  by  the  Hewlett  Packard  Vector  Voltmeter.  The  advantage  of 
using  the  V  ;otor  Voltmeter  is  that  it  provides  not  only  the  direct  readout  of  attenua¬ 
tion  oil  a  meter  but  also  yields  the  phase  angle  of  the  sample.  This  method  for  soils 
measuremen's  was  originally  conceived  in  the  latter  part  of  1970. 

The  attenuation  values  obtained  from  this  method  correlate  closely 
with  those  values  obtained  by  an  independent  contractor  laboratory  and  by  the  Input 
Impedance  Technique. 

c.  Kirkscelher’s  Transmission-Line  Technique.  The  first  attempt  to  mea¬ 
sure  the  electromagnetic  properties  of  dielectrics  by  inserting  the  material  into  a  wave¬ 
guide  structure  was  reported  by  S.  Roberts  and  A.  von  Hippie  in  1946.3  The  measure¬ 
ments  were  made  at  the  centimeter  wavelengths  in  a  rectangular  waveguide.  It  was 
pointed  out  in  the  paper  by  Roberts  and  von  Hippie  that  “by  limiting  the  electromag¬ 
netic  field  to  the  closure  of  a  hollow  pipe  or  coaxial  line,  all  boundary  and  stray  effects 
disappear  automatically  and  small  amounts  of  any  dielectric  can  be  measured  with  pre¬ 
cision.”  The  values  of  the  properties  obtained  using  such  a  technique  must  be  the 
actual  free-space  values  in  order  for  the  technique  to  be  useful.  In  a  paper  by  T.  W. 
Dakin  and  C.  N.  Works,  use  is  made  of  the  standing-wave  measurement  technique  de¬ 
veloped  by  Roberts  and  von  Hippie  and  it  is  stated  by  Dakin  and  Works  that,  “In  actual 
practice,  the  wave  and  the  dielectric  sample  are  restricted  to  an  enclosed  hollow  or  co¬ 
axial  waveguide,  although  this  is  not  in  principle  a  necessary  restriction.  The  same 
equations  are  valid  in  principle  for  a  measurement  using  lecher  wires  or  free  space  with 
a  parallel  beam  of  radiation,  although  it  is  more  difficult  in  practice  to  do  measure¬ 
ments  under  those  conditions.”4  In  the  current  report,  classical  theory,  as  stated  in  a 
paper  by  E.  J.  Kirkscethcr,5  is  employed. 

According  to  theory,  the  propagation  constant  of  a  length  of  transmis¬ 
sion  line  can  be  determined  by  a  knowledge  of  the  input  impedance  of  the  line  with  the 
output  open  circuited  (Zoc),  then  short  circuited  (Z^).  The  input  impedance  of  the 
transmission  line  is  related  to  the  VSWR  and  the  position  of  the  voltage  minimum  of 
the  standing-wave  pattern  setup  on  the  input  side  of  the  transmission-line  section  under 
consideration.  Hie  attenuation  (or)  of  a  line  is  solved  using  the  equation: 

KW0- 

•’S.  Roberts,  A  von  Hippie,  "A  Now  Method  for  Measuring  Dielectric  Constant  and  Los*  in  the  Range  of  Centimeter 
W aves,”J.  App.  Phys.,  17,  610(1946). 

^T.  W.  Dakin,  C.  N.  Works,  “Microwave  Dielectric  Measurements,”  J.  App,  Phys.,  IS.  789  ( 1947). 

SE.  J.  Kirkscethcr,  “Ground  Constant  Measurements  Using  a  Section  of  Balanced  Two-Wire  Transmission  Line,” 

IRE  Trans  on  Ant.  and  Prop.,  AP-8,  307  ( 1960). 


The  phase  constant  (0)  is  solved  by  using  the  equation 

=  2£  |  te(/V’Zoc>l  +n7rj- 

By  use  of  the  instrumentation  shown  in  Figs.  1  and  2,  measurements 
can  be  made  on  a  coaxial  transmission  line  wlueh  is  partially  filled  with  a  sample  of 
soil  whose  EM  properties  are  to  be  found. 

The  soil  is  prepared  by  packing  it  in  a  coaxial  line  (20  or  30  cm  long) 
with  the  device  shown  in  Figs.  3. 4, 5,  and  6.  The  connectors  are  replaced,  and  the 
line  containing  the  soil  is  connected  to  the  slotted  line  as  shown  in  Fig.  1 .  An  adjust¬ 
able,  coaxial  air  line  of  exactly  one-half  wavelength  is  placed  behind  the  sample.  A 
calibrated  short  is  placed  on  the  end  of  the  one-half-wavelength  line  and  the  VSWR 
reading,  and  the  distance  from  the  first  null  to  the  sample  input  is  measured  and  re¬ 
corded.  The  calibrated  short  is  replaced  with  a  calibrated  open,  and  the  procedure  is 
repeated. 


The  four  measurements  and  the  frequency  at  which  they  were  taken 
are  programmed  into  a  computer  to  obtain  the  following  properties:  attenuation, 
phase  constant,  velocity  of  propagation,  dielectric  constant,  and  conductivity  (see 
Appendix  A). 


A  detailed  procedure  for  this  technique  can  Ije  found  in  Appendix  B. 
The  mathematical  solutions  to  the  transmission-line  equations  can  be  found  in 
Appendices  C  and  1J. 

5.  Sources  of  Error  (Kirkscether’s  Technique). 

a.  Presence  of  TE,  TM  Modes.  The  presence  of  higher  inodes  (TE,  TM) 
will  invalidate  all  equations  used,  since  they  are  derived  from  Maxwell’s  equations  on 
the  assumption  of  TEM.  It  will  be  shown  b  >w  that,  for  the  frequency  range  used. 
TE  and  TM  modes  cannot  exist  cither  in  the  air-filled  or  soil-filled  coaxial  line. 

First,  we  shall  show  that  even  for  the  case  of  very  lossy  soil  the  wave¬ 
length  is  given  very  accurately  by  the  simple  relationship  (for  good  dielectrics). 


where  \  is  the  wavelength  in  the  soil,  X0  is  the  wavelength  in  air.  and  cf  is  the  relative 


8 


dielectric  constant  of  the  soil,  Von  Hippie,  in  1954,  reported  for  a  clay  soil  (20% 
moisture  content)  at  300  mHz  a  value  of  loss  tangent,  5,  equal  to  0.5  and  dielectric 
constant,  ef,  equal  to  20.0.  Using  these  values,  we  can  compute  beta  (and,  therefore, 
the  wavelength)  in  the  soil  since  this  case  represents  an  extremely  lossy  soil.  Starting 
with  the  basic  relationship  for  beta,6 

|l  +  tan2  5  j  *  +  ljj 

and  inserting  the  value  for  the  loss  tangent  we  obtain, 

|1+(0-5)2|h  +  1)]* 

0=w[-x(M*  +  1)f 

0  =  (2-12)  J* 


Simon  Ramo,  John  Whinnrry,  Fields  and  Waves  in  Modem  Radio ,  p.  306,  John  Wilry  and  Sons,  lnr„  New  York,  1960. 
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From  the  above  expression,  we  see  that  the  wavelength  in  the  soil  is  given  by  \J}/  e{ 
since  beta  is  by  definition  equal  to  2ir/wavclength. 

In  order  to  insure  that  no  higher  modi*  will  be  propagated,  the  wave 
length  in  the  medium  in  question  must  obey  the  inequality.1 

X  >  n  (b  +  a) 

where  b  is  the  radius  of  the  outer  conductor  and  a  is  the  radius  of  the  inner  conductor. 
For  the  coaxial  line  being  used,  b  =  .007  meter  and  a  =  .003  meter.  Substituting  these 
values  in  the  above  equation, 

X  >  it  (0.007  +  0.003) 


i 

t 


1 

2 

l 

t 

t 


J 

u 


>  3.14(0.01) 

>  0.03  meter 


Xo  ~  0.03  V  er  *  meter 

and  setting  er  =  20  (probable  upper  limit  for  typical  soils), 

XQ  =  0.03  V  2?T  =  0.03  (4.47) 


it 

b 

i: 


i 

p 


=  13.4  x  1 02 
X0  =  0.134  meter. 

This  corresponds  to  a  frequency  of  2.24  gllz.  tinder  the  assumption  of  €  -  20.  the 
measurements  would  be  valid  up  to  a  frequency  of  2.2  gllz.  Our  measurements  went 
no  higher  than  1.0  gllz. 


'Theodore  Moreno,  l/icrmrurc  Trim* minion  thnign  Data.  p.  W),  Dover  t’lihlir.ilioiw  |m-..  New  Yorl..  1958. 
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b.  Inherent  Errors  Due  to  Equipment.  When  calibrated  terminations  con¬ 
nected  to  the  output  end  of  the  Slotted  Line  were  used,  the  accuracy  of  the  instrument 
was  checked  over  a  VSWR  ranging  from  1.00:1  to  6.00:1.  The  maximum  error  found 
was  5%.  The  actual  components  (Fig.  7)  connected  to  the  end  of  the  Slotted  Line  have 
i  maximum  collective  VSWR  of  (1.31)  (1-01)  (1.03)  =  1.05.8  The  estimated  effect  that 
this  VSWR  has  on  measurements  is  given  in  Table  11. 


Table  II.  Errors  Due  to  Equipment 


VSWR  of  Sample  in  Ideal  Line 
(Nolnhcient  VSWR) 

VSWR  Range  of  Sample 
(Due.  to  Inherent  VSWR  of  Line) 

Error 

1.5 

1.44-  1.56 

±4% 

2.0 

1.92-2.08 

±4% 

4.0 

3.84-4.16 

±4% 

6.0 

5.76  -6.25 

±4% 

When  the  5#  error  of  the  slotted  line  itself  is  considered,  the  total  esti¬ 
mated  maximum  error  turns  out  to  he  ±  9%.  Since  calibrated  mismatches  were  available 
only  up  to  6.00: 1 ,  no  calibration  of  the  slotted  line  was  made  above  this  value.  How¬ 
ever,  standard,  accepted  procedures  for  measuring  high  VSWR's  (greater  than  10.00:1) 
were  followed.  The  above  technique  (Kirkscether's)  yields  the  value  of  a  number  of 
electromagnetic  parameters,  i.e..  dielectric,  propagation  and  phase  constants  as  well  as 
attenuation  and  permeability.  The  techniques  described  in  paragraph  6  yield  only  the 
value  of  attenuation. 

6.  Discussion  of  Techniques  and  Results.  The  advantages  and  disadvantages  of 
the  three  techniques  and  the  results  of  tests  described  in  this  report  are  given  in  the  fol¬ 
lowing  paragraphs. 

a.  The  Ginzton  Technique.  The  Ginzton  Technique  was  the  first  attempt 
at  MERDC  to  measure  the  one-way  attenuation  through  soil.  This  technique  required 
approximately  nine  VSWR  readings  on  one  sample  at  one  frequency.  The  readings 
vv**rc  plotted  on  a  Smith  Chart,  and  impedance  values  from  the  chart  wore  tediously 
hand  calculated  to  arrive  at  the  attenuation. 

The  Ginzton  Technique  is  a  laborious  method  to  obtain  the  attenuation 
value  of  a  sample.  The  hand  calculations  can  easily  lead  to  mistakes  in  the  final  answer. 
Soil  attenuation  vs  frequency  for  this  method  ap|M-ars  in  Fig.  8. 

8 Wtrrotrm-r  Hnirinrar’s  Trrhniinl ami  Huyp's  Ciiitlr,  p.  II.  llori/.on  IIoiim*.  Mas*.,  I9G7. 
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b.  The  Power  Ratio  Technique.  The  Power  Ratio  Technique  using  the 
Alford  Network  Analyzer  was  the  second  method  employed  in  the  quest  lor  attenua¬ 
tion  data  from  soils.  This  technique  requires  that  the  soil  sample  input  and  output 
ports  be  tuned  for  maximum  power  transfer  as  indicated  on  a  network  analyzer  oscillo¬ 
scope  (Fig.  9).  Once  this  is  done,  the  measurement  of  the  attenuation  is  obtained  by 
directly  reading,  in  decibels,  the  control  knob  on  the  analyzer. 


This  method  is  the  least  laborious  and  has  the  minimum  calculations, 
necessary  to  arrive  at  an  attenuation  value.  It  has  the  disadvantage  of  not  being  abb;  to 
go  below  approximately  190  mHz  because  of  the  short  length  of  the  tuners  which  are 
used  to  match  the  impedance  of  the  line  to  the  soil  sample. 


c.  The  input  Impedance  Technique.  The  Input  Impedance  Technique  was 
employed  as  a  method  to  obtain  not  only  attenuation  but  also  velocity  of  propagation, 
conductivity,  and  dielectric  constant.  This  technique,  therefore,  had  greater  potential 
in  yielding  more  properties  and  their  values  from  one  initial  set  of  readings.  However, 
except  for  the  attenuation,  the  other  properties  proved  to  be  more  elusive  than  at  first 
thought.  The  equation  finally  used  to  obtain  these  pro|>crtics  proved  to  Ik*  multi-valued: 
and,  unless  the  experimenters  had  previous  knowledge  of  the  approximate  dielectric 
value  of  the  soil  under  test,  there  was  no  way  to  identify  the  properties  except  by  using 
two  different  lengths  of  the  same  soil. 

d.  Results.  In  weighing  the  results  atid  potential  (yielding  other  properties 
besides  attenuation)  of  each  technique  against  the  effort,  a  conclusion  can  be  reached 
as  to  which  is  the  most  effective  technique  and  which  is  the  least  effective. 

Assuming  that  the  shortcomings  of  the  Input  Impedance  Technique  are 
solved  (Phase  Constant,  p )  Table  HI  ranks  the  techniques  in  effort  vs  results. 


Table  III.  Kffort  vs  Results 


Technique 

Rank 

Kfforl 

Results 

I'se  for  Other 

Soil  Measurements 

Remarks 

Oin/.ton 

Fair 

T(  dious 

Attenuation 

None 

-- 

Power  Ratio 

( (00(1 

I.OW 

Attenuation 

None 

— 

Power  Ratio 
with  Vector 

\olt 

Very  (tood 

Average 

Attenuation 
w /Phase  A 

Dielectric 

Constant 

Input 

Impedance 

Very  ( (ood 
to  I’e-I 

Tedious 

Attenuation 

Pha-e  jj.  \  el.  ol 
Prop..  Dielectric 
Constant 

Not  good 
for  high 

Ids'  soils 

19 
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There  is  good  correlation  between  the  Power  Ratio  and  the  Input  Im¬ 
pedance  Techniques  as  indicated  by  Pigs.  10  and  1 1 .  Table  IV  shows  the  results  of  a 
recent  comparison  between  the  Power  Ratio  (Vector  Voltmeter)  Method  versus  the 
Input  Impedance  Technique  on  the  same  sample  of  soil  at  two  different  frequencies 
(i.e.,  density  and  moisture  content  were  identical  in  the  samples  for  both  techniques), 


Table  IV.  Comparison  of  Power  Ratio/Input  Impedance  Techniques 


Frequency 

Moisture  % 

Wet  Density 

Input  Impedance  Technique 

Power  Ratio  (Vector 

(mHz) 

of  Dry  Wt 

(gm/cc) 

(db/meter) 

Voltmeter)  (db/meter) 

600 

12 

1.3.1 

19.1 

17.3 

1000 

12.H 

i.:«) 

23.7 

24.9 

Note:  Laguana  Joyuda,  P.K.  (Tumid  silo)  sample  from  5'ft"  level. 


Before  turning  to  the  conclusions,  the  reader  is  directed  to  Pigs.  12  and 
13  which  show  the  attenuation  versus  frequency  of  a  Vietnam  soil  (silt  clay).  Note  a 
decrease  in  attenuation  aeross  several  hundred  megahertz..  The  rate  of  decrease  in  atten¬ 
uation  appears  to  be  a  function  of  moisture.  This  soil  is  the  only  one  of  several  dozen 
soils  observed  that  behaves  in  this  fashion.  No  clear  explanation  can  be  given  at  this 
time  for  this  odd  behavior. 


Ill.  CONCLUSIONS 
7.  Conclusions.  It  is  concluded  (hut: 

u.  An  increase  in  moisture  content  of  soils  will  generally  increase  attenua¬ 
tion.  (However,  there  are  exceptions  as  noted  in  Figs.  12  and  13  in  that  windows  occur 
in  the  attenuation  curve  above  500  mHz.  The  transmission  windows  are  accentuated  by 
the  percentage  of  moisture  occurring  in  the  soil.) 

b.  Correlation  is  obtained  between  the  Input  Impedance  Technique  and 
the  Power  Ratio  Method  (±  9%)  if  the  density  and  moisture  eontent  are  the  same  in 
both  methods. 
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CASE 

LAGUNA  JCYUOA 

VSWR(OC) 

=  6.50 

VSWR(SC> 

=  2.00 

uoc>  = 

.1600 

L(SC)s 

.1850 

LAMBDA= 

.1667 

LENGTHS 

•  0730 

Fs 

1800  MCS 

Z0C  = 

8.18664005 

12.51443551 

ZSC  = 

27.66337154 

-33 , 19033638 

ZCHs 

25.37675253 

1.46736654 

ALPHAS 

3.94696271 

ALPHA  Fs 

34.28349130 

OMCGAs 

1.1  *097337E«-10 

Z  s 

3.34.-  *7437 

-.44596331 

Z0  s  5Q.0 

N 

f-ETA 

LC3STAH 

SIGMA*/ Cf1 

CPSILGN 

0 

6.6157 

1.8526 

3.6746C-04 

.0198 

1 

23.1335 

.236? 

1.5626C-03 

.5459 

2 

49.6513 

.1600 

2 • 757  3E-03 

1.7236 

3 

71.1693 

.1113 

3. 9530E-03 

7.5529 

4 

92.6863 

.0353 

5 . 1481E-03 

6.0337 

5 

114.2045 

.0692 

6.3433E-33 

9.1661 

6 

135.7223 

.0582 

7 • 5385E-03 

12.9501 

7 

157.2401 

.0502 

8.7337C-03 

17.3856 

8 

178.7578 

.0442 

9. 9288E-03 

22.4727 

9 

200.2756 

.0394 

1.1124E-02 

23.2114 

10 

221.7933 

.0356 

1.2319E-02 

34.6017 

11 

243.3111 

.0325 

1.3514E-02 

41.6435 

12 

264.320a 

.'0293 

1.4710E-02 

49.3369 

13 

286.3466 

.0276 

1 . 5905C-02 

57.6319 

14 

3C7.8644 

.  0256 

1 . 7  1  COE- 02 

66.6784 
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CASE  L AGUNA  JCYUOA 

VSWR(OC)=  1.70 
VSWR (SC) =  3.20 

L(OC>=  .2330 

L (SC) -  .1690 

LAMEDAs  .1667 

LENGTH=  .1730 

F=  1800  MCS 

ZOC=  38.38609755  20.65308475 

ZSC  =  15.73457789  -3.97596541 

l 

i  ZCH=  26.37420836  3.20765759 


* 

ALPHA= 

3.43363526 

ALPHA  P= 

29.32455586 

i 

» 

OMEGA=  i. 

13097337E+10 

j 

4 

Z  = 

3.4  3539237 

-.34891835 

ZO  =  50.0 

l 

N 

MET  A 

LCSSTAN 

SIGHA 

EPSILON 

f 

0 

-1.7691 

1.4029 

-8.54636-05 

-.0061 

* 

1 

7.3106 

1.2052 

3 , 5325E-04 

.0293 

S 

2 

16.3504 

.4382 

7.9197E-04 

.1807 

* 

3 

25.4701 

.2746 

1.2307E-03 

.4482 

£ 

4 

34.5499 

.2007 

1 . 6694E-03 

.8316 

r 

5 

43.6296 

.1584 

2 • 1 082E-03 

1.3311 

C' 

6 

52.7094 

.1308 

2, 5469E-03 

1 . 94b6 

V 

£ 

7 

61.7391 

.1115 

2 . 9056E-03 

2.6780 

1 

8 

70.8639 

.0571 

3.42432-03 

3.5256 

t, 

>j 

9 

79.9436 

.  0861 

3.  862  IE-03 

4.4891 

F* 

f 

10 

89.0234 

.0773 

4.3013E-Q3 

5.5686 

* 

11 

98.1031 

.  0701 

4. 7405E-03 

6.7642 

f 

12 

107,1379 

.0641 

5. 1793E-03 

3.0758 

¥# 

f 

4 

13 

116.2676 

.0591 

5.6180E-03 

9.5033 

F* 

14 

125.3474 

.  0548 

6. 0567E-03 

11.0469 

i 
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CASE 

LAGUNA  JOYUOA 

VSHR(OC) 

=  3  .44 

VSWR(SC) 

=  2.30 

L(OC)= 

.1700 

L (SC) = 

.1610 

LAMPOAs 

.1667 

LENGTH= 

.2730 

F= 

1800  HCS 

Z0C  = 

35.00693333 

-3.24535620 

ZSC= 

22.56150637 

8.71889957 

ZCH  = 

28 .8831278*4 

A. 0 1621628 

ALPHA= 

3 .49092984 

ALPHA  Ps 

OMEGAs  1 

.130973376*10 

2.828*8338 


-.30208019 


N 

PETA 

LOSSTAN 

SIGH  A 

SPSII.CN 

0 

1.6159 

-1.1732 

7.95J  3E-{;6 

-.-.067 

1 

7.3697 

1.2214 

3. 6234 E- 04 

.  5  6 

2 

13.1235 

.5725 

6. 4 4 /•(!.: -04 

.1126 

3 

19.8774 

.3826 

6. 27365-04 

» >.  -i  2  2 

4 

24.6312 

.2893 

1 .21006-03 

.4  M3 

5 

33.3850 

.2329 

1 .49276-02 

.6410 

6 

36.1389 

.1950 

1.7753033 

.9134 

7 

41.8927 

.1678 

2 . 0580 E -03 

1.2263 

8 

47.6465 

.1473 

2 . 34C7E-03 

1.5088 

9 

53.4004 

.1313 

2.6233E-C3 

1.5979 

10 

59.1542 

.1134 

2.9060  0  03 

2.4535 

11 

64.9080 

.1079 

3.3  987003 

2.9555 

12 

70.6619 

.0990 

3.4713E-C3 

3.524/ 

13 

75.4157 

.0916 

3 • 754QE-33 

4.1001 

14 

82.1695 

.0851 

4.(i3hOE-03 

4.7421 

30 
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CASfc 

TEFLON 

VSWR<00> 

43.6000 

Z9C  = 

1.15714719  -10 

.18518543 

L(OC)  = 

.2450 

ZCH  - 

34.68348262 

.81443966 

VSWR(SC)  = 

39.60C0 

7SC  = 

8.21415972  11/ 

.07662124 

L(SC)  = 

.1360 

ALPHA  = 

.34806703  ALPHA  F  =  3.02331013 

OELTA  L  = 

.2710 

0MFGA  = 

3.769911246*09 

LAMPOA  = 

.5000 

Z  = 

2.07430608 

.09745492 

LENGTH 

.0730 

zo  = 

50.0 

FREQUENCY  = 

600 

MCS 

N 

OET  A 

losstan 

SIGMA 

EPSILON 

0 

-3.9235 

-.1788 

-5.7654E-04 

.0967 

1 

17.5942 

.  0356 

2.5d54E-u3 

1.5595 

2 

39.1120 

.0178 

5. 74736-03 
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APPENDIX  B 


LABORATORY  PROCEDURE  FOR  KIRKSCETHER’S 
TRANSMISSION-LINE  TECHNIQUE 

Procedure 

The  sample  of  soil  is  packed  into  a  (lateral  Radio  (OR)  Type  87  Air  Line  with  the 
apparatus  shown  in  Figs.  3  and  4.  The  center  conductor  extension  of  the  apparatus  is 
screwed  to  the  center  conductor  of  the  air  line.  The  line  is  now  ready  to  receive  the  soil 
sam  pie. 

The  soil  sample  is  tunneled  into  the  air  litie  a  little  at  a  time.  The  soil  is  tamped 
between  levels  of  soil  until  the  entire  air  tine  is  filled  (Fig.  5).  The  center  conductor  ex¬ 
tension  of  the  apparatus  is  unscrewed  from  the  center  conductor  of  the  (JR  Line.  This 
completes  the  filling  (Fig.  6). 

The  air  line  containing  the  soil  sample  is  connected  to  the  end  of  the  Alford  slotted 
line  with  a  suitable  connector.  The  tunable  probe  shoidd  be  inserted  in  the  line  and  ad¬ 
justed  for  maximum  signal  out. 

The  frequency  to  be  used  in  the  attenuation  measurements  is  selected  on  the  Hew¬ 
lett  Packard  5 1 05 A  Frequency  Synthesiser. 

The  Alford  slotted  line  utilized  for  these  experiments  was  5  feet  long,  thus  limiting 
the  lowest  frequency  to  100  mHz  without  the  use  of  extensions.  A  (»R  Constant- 
Impedance  Adjustable  Line  (874-LK)  may  be  used  to  obtain  an  accurate  one-half- 
wavelength  line  (Fig.  1)  for  each  frequency  to  be  used.  The  onc-half-wavclcngth  lines 
may  be  obtained  in  the  following  manner: 

a.  The  wavelength  in  meters  can  be  determined  by  using  the  following  formula: 

.  _  800  _  ,  „  . 

f  mHz  .  .b  ,  , 

(assuming  L  =  (.o) 

b.  Before,  the  one-half-wavelength  line  is  attached  to  the  slotted  line,  a  calibrated 
short  circuit  is  connected  and  the  first  null  on  the  slotted  line  is  located  as  shown  in 
Fig.  14. 
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Fig.  14.  Location  of  voltage  null. 


c.  Once  the  null  point  has  been  located,  the  detector  probe  is  then  at  one-half 
wavelength  from  the  short  affixed  to  the  end  of  the  slotted  line.  The  short  is  removed, 
and  a  Telonic  calibrated  VSWR  standard  is  placed  on  the  end  of  the  slotted  line  ( Fig.  15). 
The  probe  is  moved  along  the  line  to  seek  the  maximum  voltage;  and,  when  this  is  ob¬ 
tained,  the  gain  of  the  VSWR  meter  is  adjusted  for  0  db.  The  probe  is  then  moved 
along  to  find  the  voltage  minimum.  The  VSWR  is  indicated  by  the  meter.  This  reading 
compared  to  the  standard  on  the  end  of  the  line  is  the  error.  The  error  does  not  exceed 
±  5%  on  a  consistent  basis. 


d.  The  standard  Is  removed  and  the  GR  short  is  replaced  on  the  end  of  the  slotted 
line.  The  probe  is  again  moved  along  the  line  away  from  the  short  and  is  stopped  at  the 
first  voltage  minimum  as  shown  in  Fig.  16 A. 

e.  TTie  short  is  removed  from  the  slotted  line  and  placed  on  the  end  of  the  one- 
half-wavclcngth.  adjustable  line.  The  line  is  adjusted  so  that  a  minimum  occurs  at  the 
same  place  as  it  did  with  the  short  connected  directly  to  the  slotted  line  as  shown  in 
Fig.  16B. 
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Fig.  15.  System  calibration. 


f.  The  adjustable  line  must  now  be  shortened  by  4.6  centimeters  to  move  the 
plane  of  the  short  4.6  centimeters  toward  the  generator  as  shown  in  Fig.  16C.  The 
reason  for  this  is  to  account  for  the  spacing  inherent  in  the  General  Radio  connectors. 
It  ensures  that  when  the  adjustable  line  is  connected  to  the  output  end  of  a  section  of 
GR  line  filled  with  soil,  the  open  or  short  circuit  will  be  tra.isformcd  exactly  to  air-soil 
interface  (Fig.  16D). 

g.  It  may  be  well  at  this  point  to  recheck  along  the  slotted  line  the  distance  be¬ 
tween  the  nulls  to  make  sure  it  corresponds  to  the  right  frequency.  It  can  happen  that, 
if  the  tuning  knob  on  the  probe  is  unintentionally  turned,  the  distance  between  nulls 
will  not  be  related  to  the  generator  frequency. 

h.  The  carriage  containing  the  probe/detcctor  is  moved  along  the  slotted  line  to 
find  the  voltage  maximum. 

i.  Once  this  voltage  maximum  is  found  on  the  VSWR  meter,  the  gain  of  the  in¬ 
strument  is  increased  so  that  the  meter  indicator  reads  a  VSWR  of  1.00:1  (0  db). 
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Fig.  16.  Accurate  adjustment  procedure  for  short  or  open  mode  behind  soil  sample. 


-  *  **r  .* 


j.  The  operator  should  now  record  the  following: 


output. 


output. 


(1)  The  VSWR  with  the  soil-filled  line  electrically  short  circuited  at  its 


(2)  The  VSWR  with  the  soil-filled  line  electrically  open  circuited  at  its 


(3)  The  distance  expressed  in  meters  from  a  voltage  minimum  to  the  input 
air-soil  interface  with  the  short  circuit  in  place  (Fig.  17). 

(4)  The  distance  expressed  in  meters  from  a  voltage  minimum  to  the  input 
air-soil  interface  with  the  open  circuit  in  place  (Fig.  17). 

k.  When  data  is  obtained  from  a  slotted-linc  system,  one  of  the  best  aids  for  de¬ 
termining  the  normalized  input  impedance  of  the  open-  and  short-circuited,  soil-filled, 
coaxial  line  is  the  Smith  Chart,  and  one  proceeds  to  calculate  the  complex  propagation 
constant  by  hand.  However,  this  is  tedious  and  not  recommended.  It  is  advisable  to 
use  the  computer  program. 

l.  The  Smith  Chart  approach  works  well  for  soils  which  have  average  to  high 
attenuation.  Normally,  this  produces  VSWR’sthat  are  less  than  10.0:1.0;  however, 
low -loss  materials  such  ;ts  sands  produce  VSWR’s  which  are  quite  high. 

m.  Accurate,  high  VSWR  readings  for  low-loss  soils  are  best  obtained  by  using 
the  “Ten-Times-Minimum  Method.”9  Measure  the  distance  (d)  between  positions  on 
the  standing  wave  pattern  where  the  voltage  is  10  db  above  the  voltage  at  the  minimum 
or  null  point  (Fig.  18).  Substituting  the  value  obtained  from  the  slotted  line  at  the 
10-db  points  with  the  wavelength  used  in  the  following  formula  results  in  an  accurate 
VSWR  reading: 


VSWR 


=  3  (H\ 

if  \  Ax  / 


Recording  the  position  of  the  10-db  points  and  the  null  point  (Alford  Slotted  Line  has 
a  centimeter  scale)  in  this  method  is  important  because  it  enables  the  operator  to  rcchcck 
his  work  if  the  need  arises.  This  method  is  the  same  for  both  the  open  and  shorted 
modes.  The  distance  from  the  null  point  to  the  front  face  of  the  soil  sample  must  be 
recorded.  An  example  of  a  record  is  given  in  Table  V. 


^Hewlett  Packard  Operating  and  Service  Manual  t'oi  SWR  meter  415E,  Section  3.  par.  3-29. 


Fig.  18.  Ten-times  minimum  method  for  measuring  high  VSWR. 


Table  V.  Data  as  Listed  in  Notebook 


FREQ. 

(mHz) 

(cm) 

SHORT 
or  OPEN 

x, 

(cm) 

x2 

(cm) 

*3 

(cm) 

Ax 

(cm) 

VSWR 

d 

(m) 

100 

300 

SHORT 

61.05 

65.35 

69.00 

7.95 

35.8:1.0 

1.116 

100 

300 

OPEN 

23.95 

25.30 

26.65 

2.70 

105.0:1.0 

1.515 

where: 


Xj  =  10-db  point 

X2  =  null  point 

X3  =  10-db  point 

d  =  distance  from  the  probe  to  nearest  soil  face 

The  above  values  of  VSWR  (short  and  open)  and  their  respective  “d"  values  arc  entered 
into  the  computer. 
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where,  now,  Zoc  or  Zgc  is  calculated  from  a  measurement  of  the  VSWR  (under  open  or 
short  circuit  condition)  and  the  corresponding  electrical  length  from  the  voltage  mini¬ 
mum  to  the  input  air-soil  interface 


where: 


ZD  =  50  ohms  =  characteristic  line  impedance 


and 


p  =~  ;  X  measured  in  meters. 

A 


Using  a  diagram  to  illustrate: 


(6) 


(7) 


The  calibrated  open  circuit  is  placed  at  the  end  of  the  line  and  the  respective  open 
circuit  parameters  are  measured.  Next,  the  calibrated  short  circuit  replaces  the  open 
circuit  :  nd  the  short  circuit  parameters  are  measured.  The  electrical  length  in  both  cases 
is  measured  sway  from  the  generator  (toward  the  load). 

Consider  the  sine  wave  below  which  would  be  a  plot  of  the  variation  of  voltage  am¬ 
plitude  vs  distance  toward  the  load: 


V«Ut*K 


t 
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A  voltage  minimum  is  found  to  exist  at  point  x2 .  If  the  load  exists  at  point  x3 ,  then  a 
corresponding  point  is  found  at  Xj ;  and  the  distance  from  x(  to  x3  is  one  wavelength. 
The  distance  measured  toward  the  load  is  d;  thus,  the  corresponding  distance  toward 
the  generator,  L,  is 

L  =  A/2  -  d  in  meters.  (8) 

Now,  d  in  equation  (5)  must  be  replaced  by  L  from  equation  (8)-  Thus,  equation  (5) 
becomes,  with  this  substitution, 


Z 


8C 


} 


cos  0  (A/2-d)  +  j  sin  0  (X/2-d) 
a*0(A/2-d)  +j  ^|^«n0(>'2-d> 


(9) 


where  0  =  phase  constant  of  the  soil-filled  line  (radians/ meter),  and  substituting  for  0 
from  equation  (7): 


oc 


} 


=  Z_ 


_J_  cos  |£  (A/2-d)  +  j  sin  ^  (A/2-d) 
cos  ^(A/2-d)+j  ^  (X/2-d) 


(10) 


where: 


ZK  =  input  impedance  of  a  soil-loaded  line  terminated  in  a  short  circuit 
(ohms) 

Zqc  =  >nPut  impedance  of  a  soil-loaded  line  terminated  in  an  open  circuit 
(ohms) 

d  =  distance  from  a  voltage  minimum  to  the  input  terminals  of  the  soil- 
loaded  line  (meters) 


V  SWR  =  voltage  standing-wave  ratio  =  Vmax  /Vmin 


A  =  free  space  wavelength  (meters) 

Z0  =  characteristic  impedance  of  the  air-filled  line  =  50  ohms. 
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APPENDIX  D 


SOLUTION  OF  LOSS  TANGENT  EQUATION: 


*  =  /  t 


tanh  yi 


■ff 

*  OC 


where  y  =  propagation  constant  of  the  soil-filled  line  (complex  quantity). 
Let  Z„„  =  c  +  id 

SC  J 

md  zoc  =  g+ih 


,  Z  c  +  jd 
then-^-  =  — *- 

Zoc  g  +  Jh 


R  ationabzing  yields 


c  +  jd  g  -  jh  eg  +  hd  .  (dg  -  eh) 

irjh-hr"?TP+)fThr 

eg  +  hd 

eta=^Th2 

dg-ch 


then  — —  =  a  +  jb 

^OC 


From  Fig.  D-l,  it  can  be  seen  that  a  vector, in  the  complex  plane  C3n  be  represented 
by  the  notation  a  +  jlT 


■.I- '•*■#•"#  ■/SfTJyjfl 


* '  -gyry^^tvgi&'nrjw^  - 


.  »'•>//.  .wt « ..  «  - 1~ 


Fig.  D-l 

Thus  a  +  jb  can  be  equated  to  a  product  of  an  amplitude  times  the  phase  angle.  If  we 
let  this  phase  angle  be  represented  by  ei1^,  then: 


v  =  a  +  jb  =  la+jb  lei'P 

(9) 

From  Fig.  D-l,  we  have 

1  a  +  jb  1  =  V*  a2  +  b2 

(10) 

tan  < p  =  b/a 

(11) 

and  cos  =  - - - 

V  a2  +  b2 

(12) 

or  a  +  jb  =  V^j a2  +  b2  e*"^ 

(13) 

^  a+jb7  =  (a2 +b2)y<  S0/2 

(14) 

From  Euler’s  theorem: 

c1^2  =  cos  <fil2  +  j  sin  <fil2 

(15) 

so  that  \/  a  +  jl)  =  (a2  +  b2  ),/4  [cos  <p! 2  +  j  sin  <p/2  ] 

(16) 
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* 

f. 


cos  if/2  =  V 1/2  (1  +  cos  v>) 
and  sin^/2  =\/  1/2(1  -  cos  v>) 


thus:  Vr+J?  =  (a"  +  b2)*  [\/l72 (1  +  cos <p)  +  j  V^O" 


COSip)  ] 


(17) 

(18) 

(19) 


From  equation  (12): 


v^^+ti‘f-{n+^w)T  +i[i/2(!^)],s} 

v^.[VZ±2tt]“  +j  [VZ±£.|.  ]* 


Let  A  = 


V? 


-♦J- 

2  2  J 


,  n  \^a2  +  b2 
and  B  =  - -  _  §_ 

I  2  2  J 


V^a+jb”  =  A  +  JB 

From  equations  (1)  and  (8): 
tanh  7?0  =  A+jB 

y20  =  tanh’1  (A  +  jB) 


yia  *  1/2  in  , 


[  1  +  (A+jB)  1 

[  1  -  (A+jB)  j 


(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 


Rationalizing  yields 
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